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Abstract

Clusteringaimsto nd usefulhiddenstructures
in data. In this paperwe presenta new cluster
ing algorithm that builds upon the consisteng
method(Zhou, etal., 2003), a semi-supervised
learningtechniquewith the propertyof learning
very smoothfunctionswith respecto theintrin-
sic structurerevealedby the data. Other meth-
ods,e.g. SpectralClustering,obtaingoodresults
on datathat revealssucha structure. However,
unlike SpectralClustering,our algorithm effec-
tively detectsboth global and within-classout-
liers, and the most representate examplesin
eachclass.Furthermorewe specifyanoptimiza-
tion framework thatestimatesll learningparam-
eters,including the numberof clusters,directly
from data. Finally, we shav that the learned
clustermodelscanbe usedto addpreviously un-
seenpoints to clusterswithout re-learningthe
original clustermodel. Encouragingsxperimen-
tal resultsareobtainedon a numberof realworld
problems.

1. Intr oduction

Clusteringaimsto nd hiddenstructurein a datasetindis
animportanttopic in machinelearningand patternrecog-
nition. Theproblemof nding clusterghathave acompact
shapehasbeenwidely studiedn literature.Oneof themost
widely usedapproacheis theK-Means[1] methodfor vec-
torial data. Despitethe succesgshesemethodshave with
reallife data,they fail to handledatathat exposesa man-
ifold structure,i.e. datathatis not shapedn the form of
point clouds, but forms pathsthrougha high-dimensional
space.Recently SpectralClustering[2, 3] hasattracteda
lot of attentionfor its ability to handlethistypeof datavery
well.

Although Spectral Clustering algorithms have achieved
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some successin modeling data that lies on manifolds,
thereremainanumberof openresearclyuestionsPerhaps
the most important of theseis using data to estimate
the numberof clustersand the distancemetrics usedin
eachcluster In generaltheselearningparametersire set
manually making spectralclustering dif cult to usein
practice. Recently an automatedwvay of choosingthese
learning parameteravas proposedin [4]. However, this
algorithm hastwo main disadwantages:First, thereis no
framework for assigningpoints outsideof the training set
to clusters;secondalthoughthe algorithmworks well on
syntheticdata,asdemonstrateéh Section3, it haslimited
succes®nrealworld data.

In this paper we presenta new clusteringalgorithmbased
on the consisteng method, a semi-supervisedearning
technique[5] that has demonstratedmpressie perfor

manceon complex manifold structures.The ideain semi-
supervisedearning(or transduction)s to usebothlabeled
and unlabeleddatato obtain classi cation models. This

paperextendsthis algorithmto unsupervisedearning by

nding a minimal subsebf pointsthataresuitablefor the
consisteng methodto useasseeddor clusters.The prop-
ertywe exploit to identify this subsebdf pointsis basedna
similarity metric we propose.Speci cally, our framework

considergwo pointsto beidenticalif they bothhave iden-
tical distance,on the manifold, to all other points. This

naturallyleadsto an optimizationframework for estimat-
ing learningparametersTherefore,aswith the algorithm
proposedn [4], oneof thegoalsof this paperis to directly
estimate from the data,both the numberof clusters,and
the similarity metricsusedto identify them. However, un-

like [4], the algorithm proposecheretendsto do well on

realworld data,and canbe usedto clusterpointsthatare
notusedduringlearning.

The similarity metric describedabove producesa number
of propertiesthat differentiatethe manifold clusteringal-
gorithm proposedn this paperfrom SpectralClustering.
Speci cally:

1. The algorithmdirectly identi es pointsthat are most
representatie of eachcluster
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2. The algorithm directly identi es pointsthat are out-
liers from all otherpoints.

3. The algorithm directly identi es pointsthat are out-
lierswithin eachcluster

Thesepropertiescan lead to signi cant improvementsin
themodelquality andgive additionalinsightsinto thedata.
As demonstrateth Section3, SpectralClusteringdoesnot
have thesecharacteristics.

Thetheoreticaformulationfor the proposectlusteringal-

gorithm is givenin Section2: Section2.2 describesour

point ranking similarity metric, and shavs how outliers
(both global and within clusters)are identi ed, and how

clusterrepresentaties are chosen;Section2.3 describes
the algorithmusedto nd the pointsthatareusedto seed
clustersSection2.4de nestheoptimizationfunctionused
to estimatethe clusterlearningparameterérom data;and,

Section2.5 de nes the algorithmusedto clusterdatanot

usedduring learning. Section3 presentdetailedexperi-

mentalresultson both syntheticandreal data. Section4

concludeswith future work. An extensionof this work to

theroboticsdomaincanbefoundin [6].

Matlab codeimplementingthe proposedclusteringalgo-
rithm is available for downloadfrom the authors home-

pages.

2. Algorithm
2.1.Semi-SupevisedLearning

In [5] Zhou et.al. introducedthe consisteng method,a
semi-supervisetearningtechnique which is the basisof
the clusteringalgorithmproposedn this paper Below is a
brief summaryof this semi-supervisedlgorithm.

Assumea setof n training examplesxy; :::; X, with each
training examplex; 2 <™. Assumealso a set of la-
belsL = f1; ;cg, whereeachpoint belongsto only
onelabel. In a semi-supervisedearningframework, the
rst | points(1 1) arelabeledandthe remainingpoints
(I+1 n)unlabeled.DeneY 2 N" withY; =1
if pointx; haslabelj andO otherwise. Let F R" ¢

denoteall the matriceswith nonn@ative entries.A matrix
F=I[F; ;FT]12F isamatrixthatlabelsall pointsx;

with alabely; = argmax; . Fj . Finally, de ne theseries
F(t+1)= SF()+(1 )Y withF()=1Y; 2(0;1).

Theentirealgorithmis de ned asfollows:

1. Form the afnity matrix W; =
x;k?=(2 2)) if i 6 j and0 otherwise.

2. gompute S = D 1=wWD 72 with Dj
jn:l Wij andDij = O;i 6 j

exp( K X;

3. Computethe limit of serieslimy; F(t) = F

(I S) 'Y.Labeleachpointx; asargmax; cF; .

Theregularizationframenork for this methods asfollows.
The costfunction associatedvith the matrix F with regu-

larizationparameter > 0Oisde nedas
0 0 0 1
Q(F) = %@i;j =1 Wi p%Fi P%Fj : i=1 Foieh
®
The rst termis thesmoothnessonstrainthatassociatea
costwith changebetweemearbypoints. The seconderm,
weightedby ,isthe tting constrainthatassociateacost
for changefrom the initial assignments.The classifying
functionisde nedasF = argming,r Q(F). Differen-

tiating Q(F ) oneobtainsF ~ 2-SF  —Y.Dene

= 2-and = — (notethat + = landthematrix
(1 S) is non-singularpnecanobtain
F= (0 9S'Y )

For a more in depth discussionaboutthe regularization
framavork andon how to obtainthe closedform expres-
sionF see[5].

2.2.Clustering

Let usassumdor themomentthatthe parameters; and
thenumberof clustersc areknown. We furtherassumehat
eachcluster exposesa manifold structurewithout holes,
i.e. nding onelabeledpoint perclassfor the consisteng
methodwill allow usto nd all theremainingpointsof that
class. From equation(2), it is evidentthatthe solutionto
the semi-supervisetbarningproblemonly depend®n the
labelsafterthe the matrix (I S) hasbeeninverted. To
turn the consisteng methodinto a clusteringalgorithmit
sufces to determinewhich columnsof F we needto se-
lect, i.e. we needto nd the centroidpointsthat are the
centerof eachclass,andthenassigneachpointto theclass

usingthe classifyingfunction: y; = argmax; .Fj . We
de ne amatrixU as:
u= (I S) Y= ul;unul (3)

andnotethatU de nes a graphor diffusion kernelasde-
scribedin [7, 8]. Theentriesin thecolumnsof U (we sym-
bolizecolumni of matrixU by thecolumnvectoru/ ) con-
tainthe“activation” of all the pointsin the datasetif point
i wereusedfor labeling. ThatmeanghatU;; is thelargest
numberin columni, andthe remainingvaluesin U; get
smallerthe further the pointsare away from the centroid,
but accordingto the underlyingintrinsic structure. In [9]

thesevalueswereusedto rankwith respecto theintrinsic
manifold structure,.e. the actvationwasusedassimilar-

ity measurédetweerthe points. The orderingof thesedis-
tancesalong eachmanifold is maintainedindependenbf
scaling. Therefore without lossof ranking,we canderive
anormalizedform of U, calledV, asfollows:

h [

_ T 7 o T 7 Y _ T T
V= u u yunUy Ug = vy, (4
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Notethat,by de nition, jjv;jj = 1.

The normalizedmatrix V allows usto de ne arankbased
similarity metricbetweerary pointsx; andx; asfollows:

du (xi;%) =1 wv' %)
The intuition behind this distancemeasureis that two
pointsonamanifoldareidentical,iff theorderof distances
betweerall otherpointsin thetrainingsetareidentical,and
therelative distancesreidentical- undertheseconditions,
vivl = 1anddy (xi;%;) = 0. Corverselyif the pointx;
hascompletelydifferentdistancesalongU to otherpoints
in thetraining dataasdoespointx; , thendy (Xi; x;) = 1,
becausey; vJ-T = 0. For notationalcorvenience,we fur-
ther de ne the matrix D)y whoseentriesare de ned as
Dwm; = du (Xi;%j)-

Giventhe de nition of similarity in equation(5) between
ary two pointsx; andx;, our formulationof clusteringis

asfollows. In clusteringwe wantto pick clustersof points
thataremostsimilar to oneanotheywhile atthe sametime
mostdifferentfrom pointsin otherclusters.n orderto for-

malizethis, we rst de ne the conceptof anoutlier within

our framevork rst. We de ne a clusterindependenbut-
lier pointto be onethatis, on average furthestaway to all

otherpoints. This canbe directly calculatedby taking the
averageof the columnsof Dy (the elementsf which are
Dwm; = dm (Xi;X;) asde nedin equation5) andde ning

anoutlier vector(clusterindependentDy asfollows:

hx X i

Oy = Dy Dypn = [Od1iiOan] (6)

S|k

wheretheelemenQOy, istheaveragedistancgontheman-
ifold) betweenpoint x; andall the other points, and, by
de niton Dy = Dy, ;5 D)y, - Thusby orderingthe
valesof Oy in decreasingrder we orderthe pointsfrom
furthestto closestandthe pointsappearing r stin thelist
constitutethe outliers.

Similarly, assumethatp; = (pyj; 5Pk ) is avectorof
K indices,wherepy,; 6 pk,j, andpy; 2 f1;::;ng, that
de nestheK training examplesthat are part of cluster;j .
This allows usto de ne outlierswithin a clusterj by look-
ing atthesub-matrixD}} = Dy (p;;p;j). Speci cally, we
obtainanoutlier vectorO); for clusterj asfollows:

-1 hx X i h i
o) = = DT DML = Olnnoy, ()
WhererOli is the meandistanceof x; to all otherpointsin
its cluster Thusthe point which hasmaximumOy; is the
onewhich is mostinside the cluster while the point that
hasminimumO};; is mostoutsideof the cluster

As outlinedbelow, Equationss and7 constitutethe basis
for theclusteringalgorithmproposedn this paper

2.3.Finding Points That Seeda Cluster

In algorithm 1 we specifyour heuristicfor identifying the
centroid points we useto assignall the datapointsto a
class. Let the pointsx, ; ::;; x|, specifythe centroidpoint
for eachcluster Thealgorithmworksby rst assigning,

to the point thatis closestto all otherpoints,which is the
point that hasthe largestvalue Oy, . This is illustratedin

gure 1 (a) which shavs the meandistancefor O4 on the
USPSdataset (seesection3.2). Note how in eachstep
only oneof theclustershashighervaluesthanall the other
clusters.

To nd x;,, we multiply eachelementof Oy by the cor
respondingelementin the columnvectorD |, " to obtain
an new, re-weightedvectorOq4. Re-weightingis doneus-
ing the component-wisevector multiplication (: in Mat-
lab). Let Oy denotethe nth re-weightingof the Oq4 vector
Re-weightingthe vectorgivesall the pointsthatweresim-
ilar x;, asmallvalue(with our similarity measurepndall
the pointsthatweredifferenta large value. The meandis-
tanceafter the rst re-weightingis illustratedin gure 1
(b). Again we choosethe point thatis mostsimilar to all
theotherpoints,whichis thepointthathasthelargestvalue
Of. This procedureof re-weightingand nding the most
similar point continueauntil ¢ pointshave beenfound.

Algorithm 1 Find centroid-pointsInput Matrix V, num-
berof clustersC Output indicesof theclusterd; I

1: n  1,computeOj = Og andDy fromV.

2: 1, index of theexamplewith maximumof Oé.
3. wt (1 Dwm |1)
4:for2 n Cdo
5 index of the examplewith maximumof OF .
6: wt (1 Dwm,): wt
7. Oft wt Of.
8: endfor
(@n=1 (b) n=2 (c)n=3

Figurel. Of in eachstepof nding centroid points: In each
stepthe meandistanceshangeasthe Off vectoris re-weighted.

2.4.Model SelectionFor Clustering

Giventheabove de nitions, we now statethe optimization
framework for estimatingthe clusteringparameters ;
andc from learningdataxs;:::;;Xn. let p; bethe setof
pointsthat belongto clusterj (asde ned in Section2.2).
UsingmatrixD), wecande ne themeandistancebetween
pointsin clusterj as:

Sjwj| = E[Dwm (pj;pj)]
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whereDy (p;; pj) denotesall entriesof Dy correspond-
ing to columnsandrows of pointsp;, andE[] is the av-
eragevalueof these.Similarly, the meandistancebetween
pointsin clusterj andpointsin clusterk is givenby:

Dy = E [Du (pj;pi)]

Given that our goalis to nd clustersthat maximizethe
distancesetweenpointsin differentclusters,while min-
imizing the distancedetweenpointsin the samecluster
we cannow statethe optimizationproblemwe are solv-
ing. Speci cally, wewantto nd , ,c,andx,; ;X to
maximizethefollowing:

2 3
h i h i
| T
(C) = ma%(gE D]M ( k=1;:5c ) E DJN]I fizg e g
n i=1:c j=licg
k6 j
(8)

The optimization problemin equation(8) is non-linear
and currently we use a brute force procedurefor solv-
ing it. Namely for eachc = 2;3;4;:::;C, we usethe
Matlab function fminbnd to perform a two dimensional
optimizationin  and to maximize ( ¢). We then
choosethe numberof clustersc by nding the maximum
of (2) ;::; ( C),andusethe and associateavith this
numberof clusters.Note thatthis is not the optimal solu-
tion, but anapproximatiorthatworkswell in mostpractical
cases.

2.5.Clustering New Points

In orderto clustera new point without addingit to S and
re-inverting the matrix (I S) (asde ned in Section
2.1), we once more usethe propertythat two points are
similar if they have similar distancedo all other points.
However, this time we measuresimilarity usingthe S ma-
trix asfollows. Given a point xi, we calculateW,; =

exp(k xk x;k?=(2 2)),forj =@, ::n, obtainingavec-
tor Wy. WethencalculateDy = ., Wk(j) andcom-
putethevectorin the S matrix thatis associatedvith xy,
asSy = D, 122\WwD 12, WefurthernormalizeSy to have
lengthl, andcallit S}. Similarly therows of S arenormal-
izedto length1, denotingthis matrixby S*. Wethenobtain
asetof coefcients = ( q;::5 o) = SHSHT. This
vectorhasthe propertythatif xx = x;, then ; = 1, but
if Xx is very far away from x; then ; will approacteero.
Therefore, ; measuretheclosenessf xy tox; in S matrix
spacgwith ; = 1beingreallycloseand ; = Oreallyfar).
We usethis propertyto assignxy to a clusterby creatinga
vectorFy = [vi, T;:vi, '], wherev,; v, arethe
columnsof V (de nedin Equation4) which correspondo
theclusterseedoointsin de nedin Section2.3. Pointxy is
thenassignedo a clustery. usingthe following function:
ye = argmax; . Fx, wherej refersto anelementin the
vectorFy.

3. Experimental Results

We evaluateour methodusingbothsyntheticdataproblems
andrealworld data.Theresultswill becomparedvith Ng's
SpectralClusteringalgorithm presentedn [3] and Self-
Tuning SpectralClusteringpresentedn [4], a variant of
Ng's algorithmthat can determinethe Kernel matrix and
the numberof clustersautomaticallywhich demonstrated
goodresultson imagesegmentationproblems. To evalu-
ate the performanceof out-of-sampletechniqueswve will
reporterror rateson the datasetsfor our methodandthe
techniquedor SpectralClusteringpresentedn [10]. In
all the problems,the desiredassignmento the classeds
known, andwe usethis to reportan error rate. We evalu-
atethe assignmento clustersby computingan error rate,
i.e. giventhe correctnumberof clustershow mary exam-
plesare assignedo the wrong cluster Sincethe clusters
may be discoreredin a differentorderthan originally la-
beled(e.qg. clustersarediscoveredin order3; 2; 1 instead
of 1;2; 3), we usethe permutationon the algorithm’s la-
bel assignmentshat resultsin the lowesterror rate. The
parameters; andC, the numberof clusters,arefound
by the algorithmsunlessnotedotherwise. To have means
of comparisorof how well our algorithm nds outliers,we
comparehis to SpectralClusteringaswell. We determine
outlierswith SpectralClusteringby usingthe distanceto
theK-Meansclustercenters.

Notethatclusteringalgorithmswith parametergexceptthe
numberof clustersdorequirea ne-tuning until theuseris
satis ed with the solution. Sincewe know the true labels,
but do not want to be “training on the test-set”,we will

give resultsfor a rangeof the parametersand the error
rateobtainedf thealgorithmwasunableto nd the“right”

solutionautomatically

3.1.Synthetic Data

In this experiment,we considerthe two-moonand spiral
syntheticdatasets. The spiral datathat wasusedin [11]
andtwo-moonhasbeenusedas an examplein numerous
othermanifold relatedexperimentg5, 4]. Notethatthese
syntheticdatasetscannotbeclusteredn ameaningfulvay
by methodsthat assumea compactshapefor the datalike
K-meand5, 11].

For thetwo-moonproblem(see gure 2 (a))weused and

asdetermineddy our approximatiorof the optimization
problemin equation(8). For two-moonsour algorithmcor-
rectly determinedhe numberof clustersandautomatically
determinecharameter§ = 0:0415 = 0:9999999 that
separatehe two clusters. The centroidpointsdetermined
by ouralgorithmhave beenmarkedwith astar Thesizeof
the dotsare proportionalto their largestvaluein F . We
canseethatthe intensitygetssmallerthe further away the
pointis from thecentroid.

For the spiraldataour algorithmdeterminechutomatically
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thatthereare3 clustersanddeterminedheparameters =
0:039and = 0:999999or thethreespirals. The points
with the smallestintensity are locatedat the end of each
spiralssincethe centroidof eachspiralis in themiddle.

Clustering sigma=0.04

YN

Spectral Cl. sigma=0.10 Self Tuning Spectral CI.
1 1

Out Of Sample

Out Of Sample

25
253

(b)

Figure2. Synthetic Data: Both algorithmswere ableto auto-
matically determinethe parameterand numberof clusters.The
sizeof eachdotshavs thedinlierness®The plotin theright-most

columnshaws out-of-sampleoints. (a) Resultson thetwo moon
andspiral syntheticdatawith our algorithm. The centroid-point
for our methodis marked with a star (b) ResultsusingSpectral
Clustering. Left andmiddle: manuallydetermined = 0:1, au-
tomaticallydetermined .

In gure 2 (b) we shaw thetheclusterassignmentsf Spec-
tral Clusteringfor thetwo datasets.In the gure, from left

to right, we shav the resultwith a manually determined
kernel , automaticallydeterminedkernel matrix (Self-

Tuning SpectralClustering)and the assignmenbf previ-

ouslyunseerpointsto theexisting clusteringsolution. The

unseemointsweregeneratedy distortingthe datasetby

addingauniformly distributedrandomnumbemwithin ~ 0:2

to eachcoordinate.

Out-of-sample: TheSpectralClusteringout-of-samplex-

tensionobtainedan0:0429errorrateon thetwo moondata
anda 0:1587 error rate on the threespirals. Our method
obtainedan 0:0429error rate on the two moondataanda

0:1455errorrateon thethreespirals.

Outliers: Also notethedifferencein thesizeof pointsnear
the centroidof the two moonsandthe endsof eachmoon,
i.e. pointsat the endsof eachmoonaremorelikely to be
outliersthanpointscloserto the center Also notethatwith

SpectralClustering(Figure2 (b), top left) theintensityfor

all the pointsis mostly the same. In gure 5 we shav a
3D-plot shawving the distanceto the centerfor eachdata
point.

-parameter: To useSpectralClusteringoneneedsa suit-
able Kernel- andthe numberof clusters. Sinceour al-
gorithmhasonemore parametethan SpectralClustering,
wewill now demonstratbow this parametem uencesthe
outcomeof the label assignmentsin gure 3 we cansee
thatachangen canresultin adrasticchangesn thesep-
arability of thethreespiraldataassomepointsareassigned
to thewrong spiral. We seethatthe clusteringcanchange
signi cantly, if  is notoptimized.

Figure3.In uence of parameter
with = 0:9 (left) and

: Clusteringof threespirals
= 0:99 (right)

3.2.USPSDigits Data

In thisexperimentwe address classi cationtaskusingthe
USPSdataset.The setconsistsof 16x16imagesof hand-
written digits. We usedigits 1, 2, 3, and4 in our experi-
mentswith the rst 200examplesfrom thetrainingsetand
the following 200 examplesas unseenexamplesthat will
beaddedo theclusters.

We rst useour algorithmto discover the differentclasses
and label one example of eachclass. Our algorithm de-
termined = 0:811396and = 0:999981 The num-
ber of clusterswas automaticallydeterminedto be C =
4. This resultsin an error rate of 0:0238 which is a
slightly bettererror rate thanthe error rate obtainedwith
the semi-supervisedonsisteng methodwith 1 randomla-
beledpoint perclass.

Using Ng's algorithmfor spectraklustering,we manually
determinethe optimal value for sigma( = 5). We ob-
taineda 0:07 error rate on the digits data, and the rota-
tion alignmentmethodcorrectlypredicts4 clusterswith the
manuallydeterminedsigma. In table 1, we list the differ-

enterrorratesandnumberof-clusterpredictionsfor differ-

entsigmas.Note how the performancevariesbasedon the
sigma.Usingtheself-tuningtechniques- eitherwith Ng's
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| H 0.7 0.9 2 5 7 \
Error 0.477 0.292 0.748 0.07 0.076
Clusters|| 7 6 5 4 4

Tablel. SpectralClusteringon USPSDigits Data

algorithmor usingthe rotationmethod- resultsin a 0:75
error rate, becausehe the algorithmassignsall the digits
to onecluster despitethefactthatwe speci edthenumber
of clusters.

Out-of-sample: We assignpreviously unseerexamplesto
the existing clusters(without recomputingF ) usingthe
methodin section2.5 and obtainan error rate of 0:0425
Usingthe Bengio's Out-of-Sampldramework for Spectral

Clustering( = 5) resultsin an0:1175errorrate.
-parameter: To test how unstablethe model is for
changesn we run our algorithm again without letting

it optimizefor and x  to 0:99. The algorithmdeter

minesthe optimal as0:0553 In this casewe getresults
asabove with the samenumberof clusters.The errorrate
on the training setincreasedo 0:0388 but the error rate
for the previously unseenpoints changedo 0:035 This
demonstratethatoptimizingfor both and givesbetter
results.

Outliers: In gure 4 (a) we evaluatehow well themethods
can nd outliers.Our method nds centroidpointsthatare
clearly “average”examplesof their respectie class. The

outliersfor all the digits have sometwist to them: a one
with anunderline amisclassi ed4, rotateddigits, or other

wiseillegibly written digits. In gure 5 (b) we canseethat
SpectralClusteringwith amanuallydeterminedgigmadoes
not producea usableoutlier measureThe pointsclosesto

their respectie centerare sometimeoutliers. Self-Tuning

SpectralClusteringfailedonthis dataset,andwe foundthe

outliersto be unusable.In gure 5 (c) we shav a plot of

thedistancessdeterminedy SpectralClusteringfor each
digit to their respectie center

Figure4. USPShandwritten digits data: (a) theleft-mostdigit
is thecentroidfor eachclassfollowedby theworstoutliersfor the
class;(b) overallworstoutliers;

Ip Class Measure

w gﬁewmu
. ﬂ%‘
ey

e

(©)

Figure5. Outliers determined by Spectral Clustering: (a)
Class-Inliernesgplottedfor the two-moondata(b) Digit outliers;
the left-mostdigit is the digit closestto the respectie center(c)
Distanceto ClusterCenterfor eachdigit (SpectralClusteringvs.
Self-Tuning SpectralClustering)

3.3.20 Newsgmoups Dataset

In the rst experiment,we will try to clusternaturallan-
guagetext from the 20 newsgroupsdataset(version 20-
news-18828).Analogousto the experimentswith the con-
sisteny method we choosehetopicsin rec: whichcon-
tains autos, baseball,hockey and motorg/cles. The arti-
cleswerepreprocessedsingthe Rainbav software pack-
agewith thefollowing options: (1) skippingary heademlas
they containthecorrectnevsgroup;(2) stemmingall words
usingthe Porterstemmer;(3) removing wordsthatareon
the SMART systems stoplist; (4) ignoring wordsthatoc-
curin 5 or fewer documentsBy removing documentghat
have lessthan5 words, we obtained3970 documentvec-
torsin 8014dimensionakpace.The documentsverenor
malizedinto TFIDF representationand the distancema-
trix wascomputedasin [5], usingW; = exp( (1 <

Xi;X; > =kx; kkxj k)=2 2)).

Our algorithmdiscoveredonly two clusterson this dataset
thatdo not make sensdntuitively sowe x edthe number
of clustersto C = 4. We let the algorithmoptimizefor
and andobtainanerrorrateof 0:5652 Wererunthesame
experimentandset = 0:99, thenobtainedthe sameerror
rateof 0:5659We attribute thisto thefactthat,in the orig-
inal experimentin [5], the consisteng methodrequireds0
labeledexamplesin the semi-supervisetkarningscenario
insteadof the 4 we have provided with the clustering. We
believe thatthe manifoldsof eachclusterhave holes,which
violatesthe assumptionsve madefor our method.

For SpectralClustering we usedthe sameKernelthatwas
usedwith our method. Using SpectralClusteringwith a



Clustering Thr ough Ranking On Manifolds

| [02 07 09 2 3 4| [02 03 04 06 038 ]
Error [ 0.739 0.545 0.147 0.111 0.109 0.11][ Error, = 0:99 || 0.59 0.476 0.656 0.83 0.83
Clusters|| 6 5 3 3 3 3 Error, = 0:8 || 0.49 0.201 0.666 0.52 0.52

Error, = 0:7 || 0.3 0246 0476 0.34 0.41

Table2. SpectralClusteringon Newsgroupdata: Error-rate and
predictedhumberof clusterswith varyingsigma.

| H 0.2 0.7 09 2 3 4 |
Error 0.625 0.5 0.5 0.245 0.276 0.505
Clusters|| 10 6 4 3 5 8

Table3. UCI Controldata: Error-rateandnumberof clusterspre-
dictedfor SpectralClustering

manuallydetermined = 3, we obtainedan error rate of
0:11. Self-Tuning SpectralClusteringwith the numberof
clustersspeci edresultsin a0:7499errorrateasalmostall
document@reassignedo thesamecluster The numberof
clusters,using a manuallydeterminedsigma, was falsely
predictedas3.

3.4.Control Data

We usethe SyntheticControl Chart Time Seriesdataseta
time-serieproblem,from the UCI databasasit wassug-
gestedor clustering.Thedatasetontaing600examplesof

control chartsthat have beensyntheticallygenerated The
clustersthat are supposedo be found have 100 examples
each.

Our methoddeterminesC = 6 clusterswith = 0:2517
and = 0:99. However, the assignmento the clusters
producesa 0:4117 errorrate. Sincewe areunhappy with
the modelwe obtained we useequation(6) to remove the
50 worstoutliersandrerunthe experimentfor C = 6 clus-
ters. Thevaluesfor and changeto = 0:2067and

= 0:99. Theerrorratesinksto 0:28. Thisclearlydemon-
stratesthat our methodcan successfullyidentify outliers
thatinterferewith the clusteringprocess.For this dataset
our algorithmdid not automaticallygive the bestresults.
Sincethe resultfor this datasetis not satisfying,we give
errorratesfor different and valuesasonemight have
found themmanuallyin table4. Note thatthe errorrates
differ signi cantly with varying , which shaws that this
parametercan have a signi cant in uence on the cluster
assignmenof thedata.

Using SpectralClusteringwe nd the besterror rate with
manuallydetermined = 2 of 0:245 A tablewith error
ratesfor differentsigmass in table3. Specifyingthenum-
ber of clusters,Self-Tuning SpectralClusteringresultsin
anerrorrateof 0:5.

3.5.Yale Face-Databasd3

We now considethesetupusedthein [12] andusethe Yale
FaceDatabaseB [13]. We useimagesof individuals2, 5
and10anddown-sampleeachimageto 30x40pixels. This

Table4. UCI Controldata:Error-ratefor varying and

givesus 1755imageswith 1200dimensiondo work with.
In theoriginal setupPCAwasappliedto reducetheimages
to 3 dimensionsput we will applybothouralgorithmand
SpectralClusteringto the 1200dimensionajproblem. Our
algorithmdetermineghatthereareonly 2 clusters putting
thefacesf individuals2 and10into onecluster We setthe
numberof clustergdo 3 andreruntheexperiment.Giventhe
numberof clustersthe algorithmautomaticallydetermines

= 1:0803and = 0:9999999%ndseparatethe three
individualsfaceswith no errors. Note thatno preprocess-
ing, like PCA, wasusedin this case.

In comparisonSelf-Tuning SpectralClusteringsolvedthe
problemwithout errorsas well and correctly predicted3
clusters. SpectralClusteringwith a manuallydetermined
= 0:9 solvedthe problemwithout errorsaswell. Dueto
spaceconstraintave cannot make a comparisorwith the
outliersdeterminedy SpectralClustering.

Outliers: In gure 6 (a) we shav the clusterrepresentants
in theleft mostcolumn. Notethatin two out of threeclus-
tersit is theambientshotof theperson.In onecaseit is the
centerthat one would have wishedfor: the ambientshot
from the front, i.e. the clusteringfound the “real” center
of the dataasall the otherdatapointsare changef pose
andangle.In gure 6 (b) we shav a PCA projectionof the
facesdown to 3 dimensionsand marked the outliers that
areshavnin (a). Notethatthe outliersareindeedthe most
outsidepointsof the point clouds.Also notethattheworst
outlierfor subjects (middlerow, secondo left) is animage
thatis slightly corruptedandwasthereforcorrectlymarked
asthemostoutlieingface.

4. Conclusion

We proposea new clusteringalgorithmthathasthefollow-
ing characteristicsl) all clusteringparametergincluding
the numberof clusters)canbe estimatedirectly from the
data; 2) pointsthat are most representate of eachclus-
terareimplicitly identi ed; 3) pointsthatareoutliersfrom
all otherpointsareimplicitly identi ed; 4) pointsthatare
outlierswithin eachclusterare implicitly identi ed; and,
5) the learnedmodel canclusterpreviously unseerpoints
withoutrelearningor modifyingtheoriginal model. Within
the proposedramework, similarity betweerpointsis mea-
suredby how eachpointordersdistanceso otherpointson
the manifold. This, similarity measurenaturallygivesrise
to all of theabove characteristicsanddifferentiateghe al-
gorithmfrom othermanifold clusteringalgorithmssuchas
spectraklustering[2, 3, 4].
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Figure6. Yale Face DatabaseB: (a) left-mostcolumn are the
clustercenters,middle and right are the two worst outliers per
class. The uppertitle of eachimagedesignategubjectandpose
of the Yale FaceDatabasdB. The lower title of theimagedesig-
natesthelight sourcedirectionwith respecto the cameraaxisin
azimuth(e.g.'A+035") andtheelevationin degreege.g.'E+40");
(b) aPCA-projectionof the facedata. The outliersplottedin (a)
thatthealgorithmidenti®edhave beenmarkedandareatthe most
outsidepointsof theblobs.

Experimentalevidenceis presenteghaving that the pro-
posedalgorithmsigni cantly outperformsspectrakluster
ing in detectingglobal andwithin clusteroutlier points,as
well asidentifying pointsthataremostrepresentatie of the
class.Furthermorestandardpectraklusteringalgorithms
have two learningparametersthe numberof clustersand
the af nity parameter usedto de ne the clusters. The
algorithmproposedn this paperintroducesa third param-
eter whichcontrolsthedispersiorof labelsacrosgoints.
This third parameteicanleadto signi cant improvement
in clusteringperformanceover standardSpectralCluster
ing. Furthermoregxperimentalresultsshov that, on real
world data,the proposedalgorithm can outperformother
algorithmswhich estimateclusteringlearning parameters
from data(see[4]).

This paperopensa numberof interestingtheoreticalques-
tions. The rst of theseconcernsobtainingef cient algo-

rithmsfor solvingthe proposedptimizationproblem(this
paperusesstandardVatlab functionsfor nonlinear2D op-
timization,leaving muchroomfor improvement).Second,
our optimizationframework canoptimizea differentsetof
modelparameterfor eachcluster whichmaysigni cantly
improve clusteringperformanceon datathat hasdifferent
scaledor differentclusters.Finally, we measureloseness
betweerpointsnot by standardnanifold distancemetrics,
but by how eachpoint ordersdistancego other pointsin
the manifold. This similarity metric warrantsfurthertheo-
retical study
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