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Abstract
Clusteringaimsto �nd usefulhiddenstructures
in data. In this paperwe presenta new cluster-
ing algorithm that builds upon the consistency
method(Zhou, et.al., 2003), a semi-supervised
learningtechniquewith thepropertyof learning
very smoothfunctionswith respectto theintrin-
sic structurerevealedby the data. Othermeth-
ods,e.g.SpectralClustering,obtaingoodresults
on datathat revealssucha structure. However,
unlike SpectralClustering,our algorithmeffec-
tively detectsboth global and within-classout-
liers, and the most representative examplesin
eachclass.Furthermore,wespecifyanoptimiza-
tion framework thatestimatesall learningparam-
eters,including the numberof clusters,directly
from data. Finally, we show that the learned
cluster-modelscanbeusedto addpreviouslyun-
seenpoints to clusterswithout re-learningthe
original clustermodel. Encouragingexperimen-
tal resultsareobtainedonanumberof realworld
problems.

1. Intr oduction

Clusteringaimsto �nd hiddenstructurein a datasetandis
an importanttopic in machinelearningandpatternrecog-
nition. Theproblemof �nding clustersthathaveacompact
shapehasbeenwidelystudiedin literature.Oneof themost
widely usedapproachesis theK-Means[1] methodfor vec-
torial data. Despitethe successthesemethodshave with
real life data,they fail to handledatathat exposesa man-
ifold structure,i.e. datathat is not shapedin the form of
point clouds,but forms pathsthrougha high-dimensional
space.Recently, SpectralClustering[2, 3] hasattracteda
lot of attentionfor its ability to handlethistypeof datavery
well.

Although SpectralClustering algorithms have achieved
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some successin modeling data that lies on manifolds,
thereremainanumberof openresearchquestions.Perhaps
the most important of these is using data to estimate
the numberof clustersand the distancemetrics usedin
eachcluster. In general,theselearningparametersareset
manually, making spectralclustering dif�cult to use in
practice. Recently, an automatedway of choosingthese
learningparameterswas proposedin [4]. However, this
algorithm hastwo main disadvantages:First, thereis no
framework for assigningpointsoutsideof the training set
to clusters;second,althoughthe algorithmworks well on
syntheticdata,asdemonstratedin Section3, it haslimited
successon realworld data.

In this paper, we presenta new clusteringalgorithmbased
on the consistency method, a semi-supervisedlearning
technique[5] that has demonstratedimpressive perfor-
manceon complex manifoldstructures.The ideain semi-
supervisedlearning(or transduction)is to usebothlabeled
and unlabeleddatato obtain classi�cation models. This
paperextendsthis algorithm to unsupervisedlearningby
�nding a minimal subsetof pointsthataresuitablefor the
consistency methodto useasseedsfor clusters.Theprop-
ertyweexploit to identify thissubsetof pointsis basedona
similarity metricwe propose.Speci�cally, our framework
considerstwo pointsto beidenticalif they bothhave iden-
tical distance,on the manifold, to all other points. This
naturally leadsto an optimizationframework for estimat-
ing learningparameters.Therefore,aswith the algorithm
proposedin [4], oneof thegoalsof this paperis to directly
estimate,from the data,both the numberof clusters,and
thesimilarity metricsusedto identify them. However, un-
like [4], the algorithmproposedheretendsto do well on
real world data,andcanbe usedto clusterpointsthat are
notusedduringlearning.

The similarity metric describedabove producesa number
of propertiesthat differentiatethe manifold clusteringal-
gorithm proposedin this paperfrom SpectralClustering.
Speci�cally:

1. The algorithmdirectly identi�es pointsthat aremost
representative of eachcluster.
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2. The algorithmdirectly identi�es points that areout-
liers from all otherpoints.

3. The algorithmdirectly identi�es points that areout-
lierswithin eachcluster.

Thesepropertiescan lead to signi�cant improvementsin
themodelqualityandgiveadditionalinsightsinto thedata.
As demonstratedin Section3, SpectralClusteringdoesnot
have thesecharacteristics.

Thetheoreticalformulationfor theproposedclusteringal-
gorithm is given in Section2: Section2.2 describesour
point ranking similarity metric, and shows how outliers
(both global and within clusters)are identi�ed, and how
cluster representatives are chosen;Section2.3 describes
the algorithmusedto �nd the pointsthat areusedto seed
clusters;Section2.4de�nestheoptimizationfunctionused
to estimatetheclusterlearningparametersfrom data;and,
Section2.5 de�nes the algorithmusedto clusterdatanot
usedduring learning. Section3 presentsdetailedexperi-
mentalresultson both syntheticandreal data. Section4
concludeswith futurework. An extensionof this work to
theroboticsdomaincanbefoundin [6].

Matlab codeimplementingthe proposedclusteringalgo-
rithm is available for downloadfrom the authors home-
pages.

2. Algorithm

2.1.Semi-SupervisedLearning

In [5] Zhou et.al. introducedthe consistency method,a
semi-supervisedlearningtechnique,which is the basisof
theclusteringalgorithmproposedin this paper. Below is a
brief summaryof this semi-supervisedalgorithm.

Assumea setof n trainingexamplesx1; :::; xn , with each
training example x i 2 < m . Assumealso a set of la-
bels L = f 1; � � � ; cg, whereeachpoint belongsto only
one label. In a semi-supervisedlearningframework, the
�rst l points(1 � � � l ) arelabeledandthe remainingpoints
(l + 1� � � n) unlabeled.De�ne Y 2 N n � c with Yij = 1
if point x i haslabel j and0 otherwise. Let F � R n � c

denoteall thematriceswith nonnegative entries.A matrix
F = [F T

1 ; � � � ; F T
n ] 2 F is amatrixthatlabelsall pointsx i

with alabelyi = argmaxj � c Fij . Finally, de�ne theseries
F (t + 1) = � SF (t)+ (1� � )Y with F (0) = Y; � 2 (0; 1).
Theentirealgorithmis de�ned asfollows:

1. Form the af�nity matrix Wij = exp(�k x i �
x j k2=(2� 2)) if i 6= j and0 otherwise.

2. Compute S = D � 1=2W D � 1=2 with D ii =P n
j =1 Wij andD ij = 0; i 6= j .

3. Computethe limit of serieslim t !1 F (t) = F � =
(I � � S) � 1Y. Labeleachpointx i asargmaxj � c F �

ij .

Theregularizationframework for thismethodis asfollows.
Thecostfunctionassociatedwith thematrix F with regu-
larizationparameter� > 0 is de�ned as

Q ( F ) =
1

2

0

@
nX
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W ij
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F i �

1
p

D j j
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1

A
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The�rst termis thesmoothnessconstraintthatassociatesa
costwith changebetweennearbypoints.Thesecondterm,
weightedby � , is the�tting constraintthatassociatesacost
for changefrom the initial assignments.The classifying
functionis de�ned asF � = argminF 2F Q(F ). Differen-
tiating Q(F ) oneobtainsF � � 1

1+ � SF � � �
1+ � Y. De�ne

� = 1
1+ � and� = �

1+ � (notethat� + � = 1 andthematrix
(I � � S) is non-singular)onecanobtain

F � = � (I � � S) � 1 Y (2)

For a more in depth discussionabout the regularization
framework andon how to obtain the closedform expres-
sionF � see[5].

2.2.Clustering

Let usassumefor themomentthattheparameters� ; � and
thenumberof clustersc areknown. Wefurtherassumethat
eachclusterexposesa manifold structurewithout holes,
i.e. �nding onelabeledpoint perclassfor theconsistency
methodwill allow usto �nd all theremainingpointsof that
class. From equation(2), it is evident that the solutionto
thesemi-supervisedlearningproblemonly dependson the
labelsafter thethematrix (I � � S) hasbeeninverted.To
turn the consistency methodinto a clusteringalgorithmit
suf�ces to determinewhich columnsof F we needto se-
lect, i.e. we needto �nd the centroidpoints that are the
centerof eachclass,andthenassigneachpoint to theclass
usingthe classifyingfunction: yi = argmaxj � c Fij . We
de�ne amatrixU as:

U = � (I � � S) � 1 =
�
uT

1 ; :::; uT
n

�
(3)

andnotethat U de�nes a graphor diffusion kernelasde-
scribedin [7, 8]. Theentriesin thecolumnsof U (wesym-
bolizecolumni of matrixU by thecolumnvectoruT

i ) con-
tain the“activation” of all thepointsin thedatasetif point
i wereusedfor labeling.ThatmeansthatUii is thelargest
numberin column i , and the remainingvaluesin Ui get
smallerthe further the pointsareaway from the centroid,
but accordingto the underlyingintrinsic structure. In [9]
thesevalueswereusedto rankwith respectto theintrinsic
manifoldstructure,i.e. theactivationwasusedassimilar-
ity measurebetweenthepoints.Theorderingof thesedis-
tancesalongeachmanifold is maintainedindependentof
scaling.Therefore,without lossof ranking,we canderive
anormalizedform of U, calledV , asfollows:

V =
h
uT

1




 uT

1




 � 1

; :::; uT
n




 uT

1




 � 1

i
=

�
vT

1 ; :::; vT
n

�
(4)
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Notethat,by de�nition, jjvi jj = 1.

Thenormalizedmatrix V allows usto de�ne a rankbased
similarity metricbetweenany pointsx i andx j asfollows:

dM (x i ; x j ) = 1 � vi vT
j (5)

The intuition behind this distancemeasureis that two
pointsonamanifoldareidentical,if f theorderof distances
betweenall otherpointsin thetrainingsetareidentical,and
therelativedistancesareidentical- undertheseconditions,
vi vT

j = 1 anddM (x i ; x j ) = 0. Conversely, if thepoint x i

hascompletelydifferentdistancesalongU to otherpoints
in thetrainingdataasdoespoint x j , thendM (x i ; x j ) = 1,
becausevi vT

j = 0. For notationalconvenience,we fur-
ther de�ne the matrix DM whoseentriesare de�ned as
DM ij = dM (x i ; x j ).

Given the de�nition of similarity in equation(5) between
any two pointsx i andx j , our formulationof clusteringis
asfollows. In clustering,wewantto pick clustersof points
thataremostsimilar to oneanother, while at thesametime
mostdifferentfrom pointsin otherclusters.In orderto for-
malizethis,we �rst de�ne theconceptof anoutlier within
our framework �rst. We de�ne a clusterindependentout-
lier point to beonethat is, on average,furthestaway to all
otherpoints. This canbedirectly calculatedby taking the
averageof thecolumnsof DM (theelementsof which are
DM ij = dM (x i ; x j ) asde�ned in equation5) andde�ning
anoutlier vector(clusterindependent)Od asfollows:

Od =
1
n

hX
D T

M 1; :::;
X

D T
M n

i
= [Od1; :::; Odn ] (6)

wheretheelementOdi is theaveragedistance(ontheman-
ifold) betweenpoint x i and all the other points, and, by
de�nition DM =

�
D T

M 1; :::; D T
M n

�
. Thusby orderingthe

valesof Od in decreasingorder, we orderthe pointsfrom
furthestto closest,andthepointsappearing�r st in thelist
constitutetheoutliers.

Similarly, assumethat p j = (p1j ; :::; pK j ) is a vectorof
K indices,wherepk1 j 6= pk2 j , andpk j 2 f 1; :::; ng, that
de�nes the K training examplesthat arepart of clusterj .
This allows usto de�ne outlierswithin a clusterj by look-
ing atthesub-matrixD j j

M = DM (p j ; p j ). Speci�cally, we
obtainanoutlier vectorOj

d for clusterj asfollows:

Oj
d =

1
n

hX
D j j T

M 1 ; :::;
X

D j j T
M n

i
=

h
Oj

d1; :::; Oj
dn

i
(7)

whereOj
di is themeandistanceof x j to all otherpointsin

its cluster. Thusthepoint which hasmaximumOj
di is the

onewhich is mostinside the cluster, while the point that
hasminimumOj

di is mostoutsideof thecluster.

As outlinedbelow, Equations6 and7 constitutethe basis
for theclusteringalgorithmproposedin thispaper.

2.3.Finding Points That Seeda Cluster

In algorithm1 we specifyour heuristicfor identifying the
centroidpoints we useto assignall the datapoints to a
class.Let thepointsx l 1 ; :::; x l c specifythecentroidpoint
for eachcluster. Thealgorithmworksby �rst assigningx l 1

to thepoint that is closestto all otherpoints,which is the
point that hasthe largestvalueOdi . This is illustratedin
�gure 1 (a) which shows themeandistancefor Od on the
USPSdataset (seesection3.2). Note how in eachstep
only oneof theclustershashighervaluesthanall theother
clusters.

To �nd x l 2 , we multiply eachelementof Od by the cor-
respondingelementin the columnvectorD T

M l 1
, to obtain

an new, re-weightedvectorOd. Re-weightingis doneus-
ing the component-wisevectormultiplication (:� in Mat-
lab). Let On

d denotethenth re-weightingof theOd vector.
Re-weightingthevectorgivesall thepointsthatweresim-
ilar x l i a smallvalue(with our similarity measure)andall
thepointsthatweredifferenta largevalue. Themeandis-
tanceafter the �rst re-weightingis illustratedin �gure 1
(b). Again we choosethe point that is mostsimilar to all
theotherpoints,whichis thepointthathasthelargestvalue
On

d . This procedureof re-weightingand�nding the most
similarpoint continuesuntil c pointshave beenfound.

Algorithm 1 Find centroid-points.Input: Matrix V , num-
berof clustersC Output: indicesof theclustersl1 � � � lc
1: n  1, computeO1

d = Od andDM from V.
2: l1  index of theexamplewith maximumof O1

d .
3: wt  (1 � DM l 1 )
4: for 2 � n � C do
5: ln  index of theexamplewith maximumof On

d .
6: wt  (1 � DM ln ): � wt
7: On +1

d  wt: � On
d .

8: end for

0 100 200 300 400 500 600 700 800
-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3
Weighted Distance Step 1

(a)n=1

0 100 200 300 400 500 600 700 800
-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16
Weighted Distance Step 2

(b) n=2

0 100 200 300 400 500 600 700 800
-0.02

0

0.02

0.04

0.06

0.08

0.1
Weighted Distance Step 3

(c) n=3

Figure1. On
d in eachstep of �nding centroid points: In each

stepthemeandistanceschangeastheOn
d vectoris re-weighted.

2.4.Model SelectionFor Clustering

Giventheabove de�nitions, we now statetheoptimization
framework for estimatingthe clusteringparameters� ; �
and c from learningdatax1; :::; xn . let p j be the set of
pointsthat belongto clusterj (asde�ned in Section2.2).
UsingmatrixDM wecande�ne themeandistancebetween
pointsin clusterj as:

D
j j
M = E [DM (p j ; p j )]
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whereDM (p j ; p j ) denotesall entriesof DM correspond-
ing to columnsandrows of pointsp j , andE[�] is the av-
eragevalueof these.Similarly, themeandistancebetween
pointsin clusterj andpointsin clusterk is givenby:

D
j k
M = E [DM (p j ; pk )]

Given that our goal is to �nd clustersthat maximizethe
distancesbetweenpoints in differentclusters,while min-
imizing the distancesbetweenpoints in the samecluster,
we can now statethe optimizationproblemwe are solv-
ing. Speci�cally, wewantto �nd � , � , c, andx l 1 ; :::; x l c to
maximizethefollowing:


 (c) = max
�;� ;c

2

6
4E

h
D

j k
M

i
(

k=1 ;:::;c
j =1 ;:::;c
k6= j

) � E
h
D

j j
M

i

f j =1 ;:::;c g

3

7
5

(8)

The optimization problem in equation(8) is non-linear,
and currently we use a brute force procedurefor solv-
ing it. Namely, for eachc = 2; 3; 4; :::; C, we use the
Matlab function fminbnd to perform a two dimensional
optimization in � and � to maximize 
( c). We then
choosethe numberof clustersc by �nding the maximum
of 
(2) ; :::; 
( C), andusethe� and� associatedwith this
numberof clusters.Note that this is not theoptimalsolu-
tion,but anapproximationthatworkswell in mostpractical
cases.

2.5.Clustering NewPoints

In orderto clustera new point without addingit to S and
re-inverting the matrix (I � � S) (as de�ned in Section
2.1), we oncemore usethe property that two points are
similar if they have similar distancesto all other points.
However, this time we measuresimilarity usingtheS ma-
trix as follows. Given a point xk , we calculateWk j =
exp(�k xk � x j k2=(2� 2)) , for j = 1; :::n, obtainingavec-
tor Wk . We thencalculateD k =

P n
j =1 Wk (j ) andcom-

putethe vectorin the S matrix that is associatedwith xk ,
asSk = D � 1=2

k W D � 1=2. WefurthernormalizeSk to have
length1, andcall it S1

k . Similarly therowsof S arenormal-
izedto length1, denotingthismatrixby S1. Wethenobtain
a setof coef�cients � = (� 1; ::::; � n )T = S1(S1

k )T . This
vectorhasthe propertythat if xk = x i , then� i = 1, but
if xk is very far away from x i then� i will approachzero.
Therefore,� i measurestheclosenessof xk tox i in S matrix
space(with � i = 1 beingreallycloseand� i = 0 reallyfar).
We usethis propertyto assignxk to a clusterby creatinga
vectorFk = [vl 1 � T ; :::; vl c � T ], wherevl 1 ; :::; vl c arethe
columnsof V (de�ned in Equation4) which correspondto
theclusterseedpointsin de�ned in Section2.3.Pointxk is
thenassignedto a clusteryc usingthe following function:
yc = argmaxj � c Fk , wherej refersto an elementin the
vectorFk .

3. Experimental Results

Weevaluateourmethodusingbothsyntheticdataproblems
andrealworlddata.Theresultswill becomparedwith Ng's
SpectralClusteringalgorithm presentedin [3] and Self-
Tuning SpectralClusteringpresentedin [4], a variant of
Ng's algorithmthat candeterminethe Kernelmatrix and
the numberof clustersautomaticallywhich demonstrated
goodresultson imagesegmentationproblems. To evalu-
ate the performanceof out-of-sampletechniqueswe will
reporterror rateson the datasetsfor our methodandthe
techniquesfor SpectralClusteringpresentedin [10]. In
all the problems,the desiredassignmentto the classesis
known, andwe usethis to reportan error rate. We evalu-
atethe assignmentto clustersby computingan error rate,
i.e. giventhecorrectnumberof clusters,how many exam-
plesareassignedto the wrong cluster. Sincethe clusters
may be discoveredin a differentorder thanoriginally la-
beled(e.g. clustersarediscoveredin order3; 2; 1 instead
of 1; 2; 3), we usethe permutationon the algorithm's la-
bel assignmentsthat resultsin the lowesterror rate. The
parameters� ; � andC, the numberof clusters,arefound
by the algorithmsunlessnotedotherwise.To have means
of comparisonof how well ouralgorithm�nds outliers,we
comparethis to SpectralClusteringaswell. We determine
outlierswith SpectralClusteringby using the distanceto
theK-Meansclustercenters.

Notethatclusteringalgorithmswith parameters(exceptthe
numberof clusters)dorequirea�ne-tuning until theuseris
satis�ed with thesolution. Sincewe know the true labels,
but do not want to be “training on the test-set”,we will
give resultsfor a rangeof the parametersand the error-
rateobtainedif thealgorithmwasunableto �nd the“right”
solutionautomatically.

3.1.SyntheticData

In this experiment,we considerthe two-moonandspiral
syntheticdatasets. The spiral datathat wasusedin [11]
andtwo-moonhasbeenusedasan examplein numerous
othermanifold relatedexperiments[5, 4]. Note that these
syntheticdatasetscannotbeclusteredin ameaningfulway
by methodsthatassumea compactshapefor thedatalike
K-means[5, 11].

For thetwo-moonproblem(see�gure 2 (a))weused� and
� asdeterminedby our approximationof theoptimization
problemin equation(8). For two-moonsouralgorithmcor-
rectlydeterminedthenumberof clustersandautomatically
determinedparameters(� = 0:0415; � = 0:9999999) that
separatethe two clusters.The centroidpointsdetermined
by ouralgorithmhavebeenmarkedwith astar. Thesizeof
the dotsareproportionalto their largestvaluein F � . We
canseethat the intensitygetssmallerthefurtheraway the
point is from thecentroid.

For thespiraldataour algorithmdeterminedautomatically
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thatthereare3 clustersanddeterminedtheparameters� =
0:039and� = 0:999999for the threespirals. Thepoints
with the smallestintensityare locatedat the endof each
spiralssincethecentroidof eachspiralis in themiddle.
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Figure2. Synthetic Data: Both algorithmswere able to auto-
maticallydeterminetheparametersandnumberof clusters.The
sizeof eachdotshowstheªinliernessº.Theplot in theright-most
columnshowsout-of-samplepoints.(a)Resultson thetwo moon
andspiral syntheticdatawith our algorithm. The centroid-point
for our methodis markedwith a star. (b) ResultsusingSpectral
Clustering.Left andmiddle: manuallydetermined� = 0:1, au-
tomaticallydetermined� .

In �gure 2 (b) weshow thetheclusterassignmentsof Spec-
tral Clusteringfor thetwo datasets.In the�gure, from left
to right, we show the result with a manuallydetermined
kernel � , automaticallydeterminedkernel matrix (Self-
Tuning SpectralClustering)and the assignmentof previ-
ouslyunseenpointsto theexistingclusteringsolution.The
unseenpointsweregeneratedby distortingthedatasetby
addingauniformlydistributedrandomnumberwithin � 0:2
to eachcoordinate.

Out-of-sample: TheSpectralClusteringout-of-sampleex-
tensionobtainedan0:0429errorrateonthetwo moondata
anda 0:1587error rateon the threespirals. Our method
obtainedan0:0429error rateon the two moondataanda

0:1455errorrateon thethreespirals.

Outliers: Also notethedifferencein thesizeof pointsnear
thecentroidof thetwo moonsandtheendsof eachmoon,
i.e. pointsat theendsof eachmoonaremorelikely to be
outliersthanpointscloserto thecenter. Also notethatwith
SpectralClustering(Figure2 (b), top left) theintensityfor
all the points is mostly the same. In �gure 5 we show a
3D-plot showing the distanceto the centerfor eachdata
point.

� -parameter: To useSpectralClusteringoneneedsasuit-
able Kernel-� and the numberof clusters. Sinceour al-
gorithmhasonemoreparameterthanSpectralClustering,
wewill now demonstratehow thisparameterin�uencesthe
outcomeof the label assignments.In �gure 3 we cansee
thatachangein � canresultin adrasticchangesin thesep-
arabilityof thethreespiraldataassomepointsareassigned
to thewrongspiral. We seethat theclusteringcanchange
signi�cantly, if � is notoptimized.
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Figure3. In�uence of parameter � : Clusteringof threespirals
with � = 0:9 (left) and� = 0:99 (right)

3.2.USPSDigits Data

In thisexperimentweaddressaclassi�cationtaskusingthe
USPSdataset.Thesetconsistsof 16x16imagesof hand-
written digits. We usedigits 1, 2, 3, and4 in our experi-
mentswith the�rst 200examplesfrom thetrainingsetand
the following 200 examplesasunseenexamplesthat will
beaddedto theclusters.

We �rst useour algorithmto discover thedifferentclasses
and label one exampleof eachclass. Our algorithm de-
termined� = 0:811396and � = 0:999981. The num-
ber of clusterswas automaticallydeterminedto be C =
4. This results in an error rate of 0:0238 which is a
slightly bettererror rate than the error rateobtainedwith
thesemi-supervisedconsistency methodwith 1 randomla-
beledpointperclass.

UsingNg's algorithmfor spectralclustering,we manually
determinethe optimal value for sigma(� = 5). We ob-
taineda 0:07 error rate on the digits data,and the rota-
tion alignmentmethodcorrectlypredicts4 clusterswith the
manuallydeterminedsigma. In table1, we list the differ-
enterrorratesandnumber-of-clusterpredictionsfor differ-
entsigmas.Notehow theperformancevariesbasedon the
sigma.Usingtheself-tuningtechniques– eitherwith Ng's
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� 0.7 0.9 2 5 7
Error 0.477 0.292 0.748 0.07 0.076
Clusters 7 6 5 4 4

Table1. SpectralClusteringonUSPSDigits Data

algorithmor usingthe rotationmethod– resultsin a 0:75
error rate,becausethe the algorithmassignsall the digits
to onecluster, despitethefactthatwespeci�edthenumber
of clusters.

Out-of-sample: We assignpreviously unseenexamplesto
the existing clusters(without recomputingF � ) using the
methodin section2.5 andobtainan error rateof 0:0425.
UsingtheBengio's Out-of-Sampleframework for Spectral
Clustering(� = 5) resultsin an0:1175errorrate.

� -parameter: To test how unstablethe model is for
changesin � we run our algorithm again without letting
it optimizefor � and�x � to 0:99. The algorithmdeter-
minestheoptimal � as0:0553. In this casewe get results
asabove with thesamenumberof clusters.Theerror rate
on the training set increasedto 0:0388, but the error rate
for the previously unseenpoints changedto 0:035. This
demonstratesthatoptimizingfor both� and� givesbetter
results.

Outliers: In �gure 4 (a)weevaluatehow well themethods
can�nd outliers.Our method�nds centroidpointsthatare
clearly “average”examplesof their respective class. The
outliers for all the digits have sometwist to them: a one
with anunderline,amisclassi�ed4, rotateddigits,or other-
wiseillegibly written digits. In �gure 5 (b) we canseethat
SpectralClusteringwith amanuallydeterminedsigmadoes
notproduceausableoutliermeasure.Thepointsclosestto
their respective centeraresometimeoutliers. Self-Tuning
SpectralClusteringfailedonthisdataset,andwefoundthe
outliersto be unusable.In �gure 5 (c) we show a plot of
thedistancesasdeterminedby SpectralClusteringfor each
digit to their respective center.
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Figure4. USPShandwritten digits data: (a) theleft-mostdigit
is thecentroidfor eachclassfollowedby theworstoutliersfor the
class;(b) overallworstoutliers;
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Figure5. Outliers determined by Spectral Clustering: (a)
Class-Inliernessplottedfor thetwo-moondata(b) Digit outliers;
the left-mostdigit is the digit closestto the respective center(c)
Distanceto ClusterCenterfor eachdigit (SpectralClusteringvs.
Self-TuningSpectralClustering)

3.3.20NewsgroupsDataset

In the �rst experiment,we will try to clusternaturallan-
guagetext from the 20 newsgroupsdataset(version20-
news-18828).Analogousto theexperimentswith thecon-
sistency method,we choosethetopicsin r ec:� which con-
tains autos,baseball,hockey and motorcycles. The arti-
cleswerepreprocessedusingtheRainbow softwarepack-
agewith thefollowing options:(1) skippingany headeras
they containthecorrectnewsgroup;(2) stemmingall words
usingthePorterstemmer;(3) removing wordsthatareon
theSMART system's stoplist; (4) ignoringwordsthatoc-
cur in 5 or fewer documents.By removing documentsthat
have lessthan5 words,we obtained3970documentvec-
tors in 8014dimensionalspace.Thedocumentswerenor-
malizedinto TFIDF representation,and the distancema-
trix wascomputed,asin [5], usingWij = exp(� (1� <
x i ; x j > = k x i k k x j k)=(2� 2)) .

Our algorithmdiscoveredonly two clusterson this dataset
thatdo not make senseintuitively sowe �x ed thenumber
of clustersto C = 4. We let thealgorithmoptimizefor �
and� andobtainanerrorrateof 0:5659. Wererunthesame
experimentandset� = 0:99, thenobtainedthesameerror
rateof 0:5659.We attributethis to thefactthat,in theorig-
inal experimentin [5], theconsistency methodrequired50
labeledexamplesin thesemi-supervisedlearningscenario
insteadof the4 we have providedwith theclustering.We
believethatthemanifoldsof eachclusterhaveholes,which
violatestheassumptionswemadefor ourmethod.

For SpectralClustering,we usedthesameKernelthatwas
usedwith our method. Using SpectralClusteringwith a
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� 0.2 0.7 0.9 2 3 4
Error 0.739 0.545 0.147 0.111 0.109 0.11
Clusters 6 5 3 3 3 3

Table2. SpectralClusteringon Newsgroupdata: Error-rateand
predictednumberof clusterswith varyingsigma.

� 0.2 0.7 0.9 2 3 4
Error 0.625 0.5 0.5 0.245 0.276 0.505
Clusters 10 6 4 3 5 8

Table3. UCI Controldata:Error-rateandnumberof clusterspre-
dictedfor SpectralClustering

manuallydetermined� = 3, we obtainedan error rateof
0:11. Self-Tuning SpectralClusteringwith thenumberof
clustersspeci�edresultsin a0:7499errorrateasalmostall
documentsareassignedto thesamecluster. Thenumberof
clusters,usinga manuallydeterminedsigma,was falsely
predictedas3.

3.4.Control Data

We usetheSyntheticControlChartTime Seriesdataset,a
time-seriesproblem,from theUCI databaseasit wassug-
gestedfor clustering.Thedatasetcontains600examplesof
controlchartsthathave beensyntheticallygenerated.The
clustersthat aresupposedto be found have 100 examples
each.

Our methoddeterminesC = 6 clusterswith � = 0:2517
and � = 0:99. However, the assignmentto the clusters
producesa 0:4117error rate. Sincewe areunhappy with
themodelwe obtained,we useequation(6) to remove the
50 worstoutliersandreruntheexperimentfor C = 6 clus-
ters. The valuesfor � and � changeto � = 0:2067and
� = 0:99. Theerrorratesinksto 0:28. Thisclearlydemon-
stratesthat our methodcan successfullyidentify outliers
that interferewith the clusteringprocess.For this dataset
our algorithmdid not automaticallygive the bestresults.
Sincethe result for this datasetis not satisfying,we give
error ratesfor different� and� valuesasonemight have
found themmanuallyin table4. Note that the error rates
differ signi�cantly with varying � , which shows that this
parametercan have a signi�cant in�uence on the cluster
assignmentof thedata.

Using SpectralClusteringwe �nd the besterror ratewith
manuallydetermined� = 2 of 0:245. A tablewith error-
ratesfor differentsigmasis in table3. Specifyingthenum-
ber of clusters,Self-Tuning SpectralClusteringresultsin
anerrorrateof 0:5.

3.5.YaleFace-DatabaseB

Wenow considerthesetupusedthein [12] andusetheYale
FaceDatabaseB [13]. We useimagesof individuals2, 5
and10anddown-sampleeachimageto 30x40pixels.This

� 0.2 0.3 0.4 0.6 0.8
Error, � = 0:99 0.59 0.476 0.656 0.83 0.83
Error, � = 0:8 0.49 0.201 0.666 0.52 0.52
Error, � = 0:7 0.3 0.246 0.476 0.34 0.41

Table4. UCI Controldata:Error-ratefor varying� and�

givesus1755imageswith 1200dimensionsto work with.
In theoriginalsetupPCAwasappliedto reducetheimages
to 3 dimensions,but we will applybothour algorithmand
SpectralClusteringto the1200dimensionalproblem.Our
algorithmdeterminesthatthereareonly 2 clusters,putting
thefacesof individuals2 and10into onecluster. Wesetthe
numberof clustersto 3 andreruntheexperiment.Giventhe
numberof clustersthealgorithmautomaticallydetermines
� = 1:0803and� = 0:99999999andseparatesthe three
individualsfaceswith no errors. Note thatno preprocess-
ing, likePCA,wasusedin thiscase.

In comparison,Self-TuningSpectralClusteringsolvedthe
problemwithout errorsas well and correctly predicted3
clusters. SpectralClusteringwith a manuallydetermined
� = 0:9 solvedtheproblemwithout errorsaswell. Dueto
spaceconstraintswe cannot make a comparisonwith the
outliersdeterminedby SpectralClustering.

Outliers: In �gure 6 (a) we show theclusterrepresentants
in theleft mostcolumn.Notethatin two out of threeclus-
tersit is theambientshotof theperson.In onecaseit is the
centerthat onewould have wishedfor: the ambientshot
from the front, i.e. the clusteringfound the “real” center
of thedataasall theotherdatapointsarechangesof pose
andangle.In �gure 6 (b) weshow aPCAprojectionof the
facesdown to 3 dimensionsandmarked the outliers that
areshown in (a). Notethattheoutliersareindeedthemost
outsidepointsof thepoint clouds.Also notethattheworst
outlierfor subject5 (middlerow, secondto left) is animage
thatis slightly corruptedandwasthereforcorrectlymarked
asthemostoutlieingface.

4. Conclusion

Weproposeanew clusteringalgorithmthathasthefollow-
ing characteristics:1) all clusteringparameters(including
thenumberof clusters)canbeestimateddirectly from the
data; 2) points that are most representative of eachclus-
ter areimplicitly identi�ed; 3) pointsthatareoutliersfrom
all otherpointsareimplicitly identi�ed; 4) pointsthatare
outliers within eachclusterare implicitly identi�ed; and,
5) the learnedmodelcanclusterpreviously unseenpoints
withoutrelearningor modifyingtheoriginalmodel.Within
theproposedframework, similarity betweenpointsis mea-
suredby how eachpointordersdistancesto otherpointson
themanifold. This, similarity measurenaturallygivesrise
to all of theabove characteristics,anddifferentiatestheal-
gorithmfrom othermanifoldclusteringalgorithmssuchas
spectralclustering[2, 3, 4].
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Figure6. Yale Face DatabaseB: (a) left-most columnare the
clustercenters,middle and right are the two worst outliers per
class.Theuppertitle of eachimagedesignatedsubjectandpose
of theYaleFaceDatabaseB. The lower title of the imagedesig-
natesthelight sourcedirectionwith respectto thecameraaxisin
azimuth(e.g.'A+035') andtheelevationin degrees(e.g.'E+40');
(b) a PCA-projectionof thefacedata.Theoutliersplottedin (a)
thatthealgorithmidenti®edhavebeenmarkedandareat themost
outsidepointsof theblobs.

Experimentalevidenceis presentedshowing that the pro-
posedalgorithmsigni�cantly outperformsspectralcluster-
ing in detectingglobalandwithin clusteroutlier points,as
well asidentifyingpointsthataremostrepresentativeof the
class.Furthermore,standardspectralclusteringalgorithms
have two learningparameters:the numberof clustersand
the af�nity parameter� usedto de�ne the clusters. The
algorithmproposedin this paperintroducesa third param-
eter� whichcontrolsthedispersionof labelsacrosspoints.
This third parametercan lead to signi�cant improvement
in clusteringperformanceover standardSpectralCluster-
ing. Furthermore,experimentalresultsshow that, on real
world data,the proposedalgorithmcanoutperformother
algorithmswhich estimateclusteringlearningparameters
from data(see[4]).

This paperopensa numberof interestingtheoreticalques-
tions. The �rst of theseconcernsobtainingef�cient algo-

rithmsfor solvingtheproposedoptimizationproblem(this
paperusesstandardMatlabfunctionsfor nonlinear2D op-
timization,leaving muchroomfor improvement).Second,
our optimizationframework canoptimizea differentsetof
modelparametersfor eachcluster, whichmaysigni�cantly
improve clusteringperformanceon datathat hasdifferent
scalesfor differentclusters.Finally, we measurecloseness
betweenpointsnot by standardmanifolddistancemetrics,
but by how eachpoint ordersdistancesto other points in
themanifold. This similarity metricwarrantsfurthertheo-
reticalstudy.
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